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ABSTRACT 


Computer  oriented  algorithms  lor  several  laborious  compulations 
Irequently  encountered  in  switching  theory  and  logic  design  are 
presented.  They  are  algorithms  lor  the  computation  of  designation 
numbers,  lunctional  composition,  detection  of  relations  between 
Boolean  lunctions.  symbolic  expansion  of  Boolean  expressions,  and 
approximate  minimization  of  Boolean  functions.  These  algorithms  are 
useful  in  the  construction  of  man/niachine  interactive  systems  for 
logic  design  automation.  Machine  independence  and  modularity  are 
emphasized  in  the  development  of  these  algorithms.  They  have  been 
programmed  on  the  L1NC  computer. 
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A  LOGICAL  DESIGN  AUTOMATION  UTILITY 


I.  INTRODUCTION 


Dm’  lo  tlieir  great  computational  speed  and  simulation  ability,  digital  coniputeis  are  being  used  in  designing 
and  aiialv/ing  new  computers,  and  this  application  is  beeoniing  widci.  Hrcucr1  has  divided  the  ptoblems  in  design 
automation  ot  digital  computers  into  three  mam  aieas:  Preconstruction  analysis.  Iiaidware  design  and 
"liplementalion.  and  software  generation.  Preconstruction  analysis  deals  primal ilv  with  the  use  ol  general  purpose 
system  simulators  m  trying  to  determine  an  optimal  functional  configm niton  for  a  new  computer  system2.  Main 
problems  under  hardware  design  include  automatic  logic  generation.  Boolean  logic  minimization,  and  logic 
simulations.  Problems  m  physical  implementation  include  printed  circuit  layout,  the  assignment  of  circuit  cards 
to  backboutds.  the  placement  of  circuit  cards  on  backboards,  and  the  interconnection  of  terminals,  etc,  Typical 
problems  in  automatic  software  generation  include  the  use  ol  a  meta-compiler  as  an  aid  in  generating  a  new 
compiler,  and  automatic  generation  ol  test  routines  lot  detection  and  diagnosis  of  component  failures*''4, 

In  general,  the  usage  ol  digital  computers  m  hardware  design  and  implementation  has  been  primarily 
concerned  with  the  generation  and  maintenance  ol  tiles  for  recording  logic  network  structures,  placement  of  logic 
cards,  development  ol  wiring  lists,  and  other  manufacturing  oriented  data5.  Such  programs  do  not  alter  the 
engineers  logic  design,  but  merely  check  its  validity  under  certain  manufacturing  constraints  and  develop 
appropriate  labrication  information.  Although  great  interest  has  been  expressed  in  developing  computer 
algorithms  lor  automating  tasks  of  logic  design,  only  the  feasibility  has  been  demonstrated6.  Willi  the  increasing 
complexity  ol  digital  systems  and  resulting  need  for  greater  control  and  accuracy  in  the  design  phase  from 
architecture  to  implementation,  it  is  crucial  that  efficient  algorithms  lor  automated  logic  design  be  developed  and 
implemented. 

The  purpose  ol  this  research  is  to  develop  some  computer-oriented  algorithms  for  the  manipulation  of 
switching  (unctions  in  logic  design.  Although  some  computer  algorithms  have  been  developed  to  manipulate 
switching  functions6'7,  most  ol  these  are  for  :  vcial  purposes  and  dependent  on  the  particular  systems  and 
languages  used  by  the  developers,  lienee  the  algorithms  are  not  easily  applicable  without  having  the  same  types 
ol  facilities.  In  this  development,  however,  particular  emphasis  lias  been  pul  on  modularity  and  machine 
independence.  It  is  certain  that  the  users  can  easily  program  these  algorithms  on  their  own  computers. 


2.  DESIGNATION  NUMBERS 


2  1  INTRODUCTION 


U.H.kv."  algehi  a  can  he  .ipphod  !..  Jesci.lv  relationship  between  input  and  output  vaiiahles  ol  swinlmiy • 

'u,hn,'n  »nh'  -  cl  esc  1 1  hi  i  ,|5  i  he  mput-ompul  re'ution  of  switching  cncmi.  however,  .wo 

Pl  JP|X,'“-  1  "sl!>  l!k'10  :,K‘  1,1  'A‘,K‘ul  exp.essions  which  c:...  desc.lv  .he  same  switching 

imicnon.  Second |\ .  the  algeb, a,c  manipulation  ol  Boole;,,,  exp, ess, o„  „o,  only  re, ,m res  eons, den, hie  sk,ll  .,nd 
mug",. ".on  logethei  with  .,  thoiough  knowledge  of  Boole;,,,  ;,lgeh,;,.  hut  ,s  also  difficult  to  he  mecli.n„/ed. 

11,0  11,0  "IM  ',,,,hk‘m  ls  •'  representation  winch  ,s  „„,,|„e  to,  ;,  g.ven  lunction.  While  the  sol,",,,,, 

the  second  problem  is  ,  concise  and  convenient  representation  feasible  lor  mechanical  computation.  A 
rep, eseut.it, on  winch  can  solve  these  two  problems  simulianeousK  is  the  designation  number". 

Hie  role  placed  In  designation  number  in  log.e  design  p.oeess  can  he  expressed  in  the  following; 
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The  Roles  of  the  Designation  number  in  Logic  Design 
Figure  I 


In  tins  ligure.  the  do,,hle-l„ied  arrows  refer  to  p.oblems  that  involve  only  Boolean  algebra  and  the  computation 
methods;  the  single-lined  arrows  refer  to  procedures  unique  to  the  digital  computer  circuit  problem. 

2  2  TABLE  OF  COMBINATIONS  AND  DESIGNATION  NUMBERS 


Input-output  relation  of  a  Boolean  function  car,  be  expressed  by  using  a  table  of  combinations  which  is  a 
table  listing  values  of  the  lunetton  for  all  possible  combinations  of  values  of  input  variables.  For  instance,  the 
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SWItcIllIlg  I'll  1 1  Ct  loll 


I  (  AIK  )  =  AIM' 

ha->  ilk1  lahle  nl  iiiniliiii.il unis  given  in  lahle  I. 


A 

B 

( 

AB+C 

0 

0 

u 

0 

1 

1 

0 

0 

1 

0 

T 

(t 

1 

0 

1 

y 

o  1  1 

0 

4 

1 

0 

0 

1 

5 

1  ()  1 

0 

h 

1  I  0 

1 

7 

1  1  1 

1 

Table  I 

The  Table  of  Combinations  of  the  Function  F(ABC)  =  AB+C  ’ 


In  Hie  table,  input  combinations  are  listed  according  to  the  value  of  their  BCD  (binary  coded  decimal).  When  this 
natural  order  is  understood,  the  last  column  (i.e..  the  column  of  function  values)  only  is  sufficient  to  describe 

the  t unction.  This  column  of  binary  digits  taken  as  a  binary  number  is  called  the  designation  number  of  the 
Boolean  function. 

I  Similarly  the  column  of  binary  digits  under  an  input  variable  in  the  table  is  called  the  designation  number  of 

the  input  variable.  Thus  the  designation  number  of  the  input  variable  C  is  01010101  and  that  of  the  function  F 
I  is  1010101 1.  For  a  function  ol  n  variables,  the  designation  numbers  of  the  function  and  input  variables  have  2" 

digits  because  there  are  2n  combinations  of  the  values  of  input  variables. 

II!  one  changes  the  order  of  input  variables,  the  designation  numbers  of  input  variables  have  to  be  changed, 
and  the  designation  number  of  the  function  changes  consequently.  Therefore,  when  we  talk  about  the 
designation  number  of  a  Boolean  function,  the  sequence  of  input  variables  must  be  clearly  specified.  With  the 

J  order  of  variables  specified,  the  designation  number  is  a  unique  and  compact  representation  of  a  Boolean 

function. 

I  2  3  COMPUTING  THE  DESIGNATION  NUMBER  OF  A  BOOLEAN  FUNCTION 

J  The  designation  number  of  a  function  can  be  computed  by  substituting  designation  numbers  of  input  variables 

into  the  Boolean  expression  describing  the  function  and  then  perform  logical  operations  bit  by  bit.  The  order  in 

f 
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which  logical  operations  are  performed  is  specified  by  the  explicit  and  implicit  hierarchy  in  the  syntax  of  the 
expression.  For  manual  computation,  this  order  is  not  difficult  to  see.  For  machine  computation,  however,  it  is 
much  more  efficient  if  the  order  of  logical  operation  is  the  order  of  appearance  of  operator  symbols  in  the 
expression.  Therefore,  the  first  step  in  this  computation  is  to  transform  the  given  Boolean  expression  generally 
in  infix  notation  into  a  reverse  Polish  form. 


2.3.1  Boolean  Expression  in  Infix  Notations 


A  Boolean  expression  in  infix  notation  is  defined  iccursively  as  follows: 


1.  Any  alphabetic  letter  is  a  Boolean  expression. 

2.  If  A  and  B  are  Boolean  expressions,  then  so  are  ( A+B)  and  (AB). 

3.  It  A  is  a  Boolean  expression,  then  so  is  A' 


Only  symbol  strings  satisfying  the  above  rules  are  boolean  expressions  in  infix  notation  and  no  others.  A+B,  AB, 

and  A'  mean  A  “OR"  B.  A  "AND"  B.  and  A  “NOT”  respectively.  Parenthesis  pairs  can  be  omitted  if  their 

omission  does  not  give  rise  to  ambiguity.  Thus  the  symbolic  convention  chosen  here  is  the  one  most  commonly 
used. 

Consider  the  Boolean  expression  in  infix  notation 


F(ABCDEHKLMN)  =  (A  +  CD  +  C(D+H) '(M+N)  +  H  +  K)'L 

To  compute  the  designation  number  of  this  function,  one  can  perform  the  logical  operations  in  the  following 
order:* 


1.  C  D 

2.  A  +  CD 

3.  D  +  E 

4.  (D  +  E)' 

5.  C  •  (D  +  E)' 

6.  M+N 

7.  C(D  +  E)'  (M  +  N) 

8.  (A  +  CD)  +  C(D  +  E)  '(  M  +  N) 

9.  (A  +  CD  +  C(D  +  E)'(M.  +  N))  +  H 

to.  X  =  (A  +  CD  +  C(D  +  E)'  (M  +  N)  +  H)  +  K 

11.  X' 

12.  X'L 


*This  order  is  the  one  implied 


in  the  reverse  Polish  string  obtained  using  the  algorithm  of  the  next  sub¬ 


section. 
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Unless  the  expression  is  in  sum-of-products  form  or  product-of-sums  form  (namely,  normal  forms),  the 
procedure  of  finding  the  order  of  logical  operation  is  difficult,  Since  the  expression  given  is  generally  not  in  a 
normal  form,  either  transformation  to  a  normal  form  or  to  a  reverse  Polish  string  is  required.  A  normal  form 
transformation,  namely  expansion  of  Boolean  expressions,  will  he  discussed  iu  Chapter  5. 

The  algorithm  to  transform  a  Boolean  expression  into  a  reverse  Polish  form  :s  a  slight  modification  of  the  well 
known  algorithm  which  transforms  an  ordinary  arithmetic  expression  into  its  reveise  Polish  form9.  This  algorithm 
is  discussed  in  the  following  subsection. 

2.3.2  Converting  Boolean  Expression  into  Early  Reverse  Polish  Form 

A  Boolean  expression  in  early  reverse  Polish  form  (ERP)  is  defined  recursively  as  follows; 


1.  Any  alphabetic  letter  is  an  ERP  form. 

2.  H  A  and  B  are  ERP  forms,  iIkii  so  are  AB+,  AB  ,  and  A'. 

3.  There  are  no  others. 

The  use  ot  the  reverse  Polish  notation  to  represent  a  Boolean  expression  has  the  following  advantages; 

I.  The  operators  appear  in  the  order  in  which  the  computation  is  carried  out. 

1.  It  eliminates  the  necessity  of  parentheses. 

The  early  reverse  Polish  notation  rather  than  late  reverse  Polish  is  adopted,  because  the  mechanization  of 
transforming  to  the  ERP  form  requires  smaller  push-down  store. 

The  essential  rules  ol  converting  Boolean  expression  into  ERP  notation  are  as  follows: 

1.  If  s.  is  a  variable,  it  is  transcribed  directly  to  the  output. 

2.  If  s.  is  a  left  parenthesis  following  a  variable,  a  “NOT”  operator,  or  a  right  parenthesis,  first  a 
logical  “AND"  sign  and  then  a  left  parenthesis  are  put  to  the  push-down  list  N. 

3.  If  s.  is  an  operator,  the  top  entry  (called  E)  of  the  list  N  is  examined.  If  E  is  an  operator  not 
weaker  than  s.  iu  the  operator  precedence  given  in  the  list  below,  then  E  is  transcribed  to  the 
output.  The  process  repeats  for  each  top  entry  of  the  push-down  list  N  until  it  is  empty,  or  the 
top  entry  is  a  left  parenthesis  or  an  operator  weaker  than  s..  When  this  happens  s.  is  transcribed 
to  the  push-down  list  N. 

The  List  of  Operator  Precedence 

1 .  '  (  NOT  ) 

2.  *  (  AND  ) 

3.  +  (  OR  ) 

4.  ©  (  Exclusive-OR  ) 


4.  If  Sj  is  a  right  parenthesis,  successive  top  entries  ure  transcribed  from  the  list  N  to  the  output 
until  ;i  left  parenthesis  is  reached,  which  is  then  deleted. 

5.  If  a  variable  or  a  complemented  variable  is  following  a  variable,  a  “NOT"  jperutor,  or  a  right 
parenthesis,  then  a  is  put  to  the  output. 

6.  Alter  the  last  symbol  ol  the  Boolean  expression  has  been  dealt  with,  the  remaining  entries  in 
the  list  \  are  transcribed  to  the  output. 

In  general,  the  symbols  ol  the  Boolean  expression  are  examined  one  by  one  from  left  to  right.  Variable 
symbols  are  transcribed  as  soon  as  they  are  encountered.  Operator  symbols  are  held  in  a  push-down  tore  N  until 
conditions  loi  theii  transcription  are  satislied.  The  process  is  more  clearly  described  in  Appendix  S.l. 


2.4  PROGRAM  IMPLEMENTATION 

2.4. 1  The  Program  to  Obtain  an  Early  Reverse  Polish  String 

I  lie  algorithm  lor  changing  an  Boolean  expression  to  an  early  reverse  Polish  string  is  shown  in  Appendix  S.l. 

An  operator  code  and  its  hierarchy  number  are  stor'd  alongside  in  the  push-down  list  N.  The  hierarchy 
numbei  lor  the  unary  operator  ‘"NO"!  is  14.  while  those  lor  binary  operators  are  “AND"  12.  “OR"  10.  and 
“Exclusive-OR"  s.  The  hierarchy  numbers  for  the  right  unci  the  left  parentheses  are  04  and  Ob  respectively. 

To  make  sure  that  the  input  Boolean  expression  is  well-formed,  the  following  rule  is  used  to  check  the  reverse 
Polish  string  obtained.  This  is  because  the  input  Boolean  expression  is  well-formed  if  and  onl\  if  the  reverse 
Polish  string  obtained  is  also  well-lormed.  Each  symbol  in  the  string  is  given  a  weight.  The  weights  of  binary 
opetators  “AND.  "OR."  and  "Exclusive-OR'1  are  I;  that  of  unary  operator  “NOT"  is  0;  and  that  of  any 
specified  variable  is  I  Each  unspecified  symbol  is  arbitrary  given  a  weight  of  100.  Then  the  revet  -e  Polish 
string  is  well-lormed  it  and  only  it  the  sum  ol  the  weight  of  all  symbols  in  every  propertailof  the  string  is 
nonnegative,  and  the  sum  ol  the  weight  of  all  symbols  in  the  whole  string  is  I.  A  tail  of  a  string  w=  xy  is  y, 
and  y  is  proper  it  x  is  not  a  null  string. 

2  4  2  The  program  to  Obtain  Designation  Number  from  a  Reverse  Polish  String 

In  performing  “AND.”  “OR."  “NOT.”  and  “Exclusive-OR”  operations,  each  variable  of  the  string  is 
represented  by  a  vector  (designation  number)  The  length  of  the  vectors  depends  on  the  number  of  variables  of 
the  function.  Each  vector  of  a  k-variable  function  have  2k  binary  bits.  Though  each  word  of  the  L.INC  has  12 
hits,  only  the  upper  8  bits  are  used.  For  byte  oriented  machines,  there  will  be  no  memory  waste.  We  could 
construct  and  store  these  vectors  m  their  lull  length,  and  use  them  in  the  computation  of  designation  numbers. 
However,  since  these  vectors  are  generally  very  long,  it  would  be  very  uneconomical  both  in  time  and  in  memory 
space.  Therefore,  we  dr.ide  each  sector  into  8-bit  (i.e,.  I -word)  sections,  and  calculate  successive  sections  of  these 
vectors  in  each  iteration  ol  the  process.  This  is  possible  because  bit  patterns  of  the  vectors  change  in  a  regular 
way.  The  first,  second,  and  third  variable  vectors  repeat  with  the  pattern  of  OIOIOIOI,  001  1001  I  and  00001 1  I  I 
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i.spittively  Vectuis  Irom  (lie  lourtli  variable  and  on  are  combinalions  of  0  (00000000)  and  I  ( I  I  I  I  I  I  I  I  )  m  a 
simple  and  regular  way. 

l  or  a  Boolean  lunelion  ol  n  variables,  (lie  computation  of  designation  number  is  divided  into  m  =  2,,'-, 
iterations.  In  the  lirst  iteration,  the  reverse  Polish  string  is  scanned  from  the  left  end  m  Xhu*  riglU  rml  -iltd  eaek 
time  an  ‘  perator  is  met  an  operation  is  executed  using  the  first  words  of  variable  vectors  only.  Similarly,  in  the 
second  iteration,  operations  are  executed  using  the  second  words  of  variable  vectors  only  The  whole 
computation  ends  at  the  end  of  the  m-th  iteration.  In  each  iteration,  the  siring  is  scanned  from  the  beginning  to 
the  end.  and  the  section  of  each  variable  vector  calculated  as  follows. 

A  register  is  provided  tor  iteration  count  and  for  indicating  whether  the  X-bit  sections  of  the  fourth  to 

fifteenth  Variable  v.-i  a  i>  ^  j|  5  ife,  ,  i. 

...........  1  ~  n  *•  'itl  r'  ouougn  am  rj  i, mica. c  me  bn  patterns  ot  me 

lourtli  through  the  fifteenth  variable  vectors  respectively.  Thus  a  0  (or  Din  the  i-th  bit  indicates  that  the  i+3rd 
variable  vector  is  (1  (or  I  )  m  the  current  iteration.  The  content  of  the  register  is  set  to  000000000000  in  the  first 
iteration,  and  indexed  by  I  after  each  delation,  l  or  example,  in  the  tenth  iteration  the  content  of  the  register  is 
00000000 1 001.  which  indicates  that  the  vectors  of  the  fourth  and  the  seventh  variables  are  T’s,  while  those  of 
other  variables  except  the  first,  second,  and  the  third  are  0's. 

Ilns  approach  has  an  additional  advantage  of  not  re«|uiring  calculation  of  variable  vectors  each  time  the 
number  of  variable  is  changed. 


2.5  COMPOSITE  FUNCTIONS 

Most  switching  circuits  arc  composed  of  several  stages.  The  inputs  to  higher  stages  are  no;  all  pure  variables 
ti  e.,  primary  input  variables);  some  of  then,  a:-  -lie  outputs  of  previous  stages.  The  block  diagram  of  Figure  2 
shows  a  circuit  composed  of  two  stages  an,.  d  ree  component  circuits  I,.  1 2 .  and  f,.  The  inputs  of  circuits  f 
and  l2  are  pure  variables  A.  B.  and  ('.  and  ilieir  outputs  are  labeled  f(  and  f  respectively. 

Therefore,  ff  =  f^A.H.C)  p  <5 

and  I .,  —  l,(A.B.(  )  (^  5  "^) 

The  circuit  f,  has  inputs  f( .  I'r  D,  F,  and  output  labeled  I 

P  =  HI, ,  f2.  D.  L)  (2.5.3) 

is  the  composite  luiiction.  because  I  , .  f,  are  not  pure  variables;  F  is  a  function  of  pure  variables  A,  B.  C,  D.  and 
F  because  1,-1-,  are  lunctious  of  A,  B.  and  C  To  obtain  the  designation  number  of  F(A.B.C.D.E)  we  substitute 
equations  (7.5.1)  and  (2.5.2)  into  equation  (2.5.3)  first,  and  then  calculate  the  designation  number  of  the 
resulting  expression.  A  program  is  developed  for  this  substitution. 

2.6  REMARK 


By  translating  a  Boolean  expression  into  an  early  reverse  Polish  string,  the  computation  of  the  designation 
number  for  any  Boolean  expression  containing  “AND,"  "OR,"  “NOT,"  and  “Exclusive-OR"  operators  becomes 
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A  B  (  A  15  C 


A  Composite  Circuit  Composed  of  Two  Stages 
and  Three  Components 

Figure  2 


Minple.  However,  because  the  procedure  to  compute  the  designation  number  of  a  function  given  in 
sutn-or-ptoducis  form  is  also  pretty  straight  forward,  we  can  expand  the  Boolean  expression  into  a 
Mim-oi- products  loin)  instead  of  translating  into  a  reverse  Polish  form.  For  Boolean  expressions  containing  the 
Fxclusive-OK"  opeiatot.  howevet,  the  normal  form  expansion  becomes  very  complicated.  Therefore,  the 
algor 1 1 h in  based  on  reverse  Polish  translation  is  a  much  reasonable  approach. 
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3.  FUNCTIONAL  RELATIONS 


3.1  INTRODUCTION 

Designation  numbers  can  be  used  effectively  to  find  relations  between  functions.  In  this  chapter,  we  shall 
discuss  how  designation  numbers  can  be  used  to  achieve  this. 

Many  different  expressions  can  represent  the  same  function.  But  given  a  variable  sequence,  all  different 
expressions  ol  the  same  function  have  a  unique  designation  number.  Equality  of  Boolean  expressions  can, 
therefore,  be  detected  by  comparing  their  designation  numbers. 

Two  different  functions  have  different  designation  numbers  based  on  the  same  variable  sequence.  Very  often, 
however,  different  functions  are  considered  to  be  equivalents  if  their  designation  numbers  can  be  made  crtual  by 
fixing  the  variable  sequence  of  one  function  while  changing  the  variable  sequence  of  the  other  function  in  all 
possible  ways.  For  example,  the  functions  (with  the  variable  sequence  shown  inside  the  parenthesis  pair) 

F(ABCD)  =  A  +  B 

G(  ABCD)  =  C  +  I) 

are  different.  Designation  numbers  of  F  and  G  are  00001  III  1 1  1 1 1  I  I  I  and  01 1 101 1  I  011  101  1 1  respectively. 
These  two  functions  are  equivalent,  however,  because  the  designation  number  of  F(ABCD)  is  identical  to  the 
designation  number  ol  G(CDAB).  Detection  ol  functional  equivalence  is  important  in  logic  design,  because 
equivalent  functions  can  be  realized  by  identical  networks.* 

Other  functional  relations  such  as  the  implication  relation  cun  also  be  detected  by  comparing  designation 
numbers. 

3  2  EQUALITY  AND  IMPLICATION 

Equal  functions  have  identical  designation  numbers  based  on  the  same  variable  sequence.  Therefore,  we  can 
easily  delect  equality  of  two  functions  by  comparing  to  see  if  their  designation  numbers  match. 

The  implication  relation  between  two  functions  is  also  detectable  by  comparison  of  their  designatii  n  numbers. 

F  implies  G  it  and  only  it  in  all  bit  positions  in  which  F  has  a  I.  G  also  has  a  I.  The  detection  of  implication 
relation  is  useful  in  residue  test10. 

3.3  FUNCTIONAL  EQUIVALENCE 

Although  detection  of  functional  equivalence  is  very  important  in  logic  design,  there  is  still  no  efficient 
detection  algorithm  available  at  present,  Before  a  more  efficient  algorithm  is  available,  the  best  we  can  do  to 
detect  functional  equivalence  is  by  comparing  designation  numbers  with  the  variable  sequence  of  one  of  the 


’Functional  equivalence  obtainable  by  complementing  variables  is  not  considered  here. 
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t unctions  vaiving  in  .ill  possible  ways.  This  exhaustive  approach  becomes  feasible  only  with  the  aid  of  high  speed 
digital  computeis. 

I  he  essential  part  of  functional  equivalence  detection  is.  therefore,  the  algorithm  of  computing  all  possible 
permutations  of  a  variable  sequence.  The  method  developed  by  K.  Harada"  is  adopted  here.  This  method 
generates  all  Hamiltonian  circuits  of  a  no, .-oriented  complete  graph.  The  variables  of  a  Boolean  function  are 
considered  as  the  vertices  of  the  graph,  and  each  Hamiltonian  circuit  corresponds  to  a  variable  sequence.  All 
permutations  of  variables  can  be  obtained  by  rotating  variable  sequences  corresponding  to  all  Hamiltonian 
circuits.  For  a  graph  with  „  vertices,  there  are  Hamiltonian  circuits.  The  ill-iil  variable  sequences 

corresponding  to  these  Hamiltonian  circuits  are  then  rotated  n  times  clockwise  and  n  times  counterclockwise  to 
obtain  — -  —  In+ti)  =  n!  permutations  without  duplication  or  omission. 

Suppose  functions  I-  and  G  have  the  same  number  of  variables  and  their  equivalence  is  to  be  detected.  The 
designation  number  of  F  (with  a  fixed  variable  sequence)  is  comparer'  with  that  of  G  (with  the  same  variable 
sequence  as  that  of  F  initially).  If  their  designation  numbers  are  different,  a  new  variable  sequence  and  the 
corresponding  designation  number  are  computed  for  G.  The  new  designation  number  ol  G  is  then  compared  with 
the  designation  number  of  F.  This  procedure  continues  until  the  designation  number  of  F  is  equal  to  a 
designation  number  of  G.  in  which  case  F  and  (i  are  equivalent:  or  all  designation  numbers  of  G  corresponding 

to  all  possible  Permutations  oi  us  variable  sequence  have  been  compared,  in  which  case  F  and  G  are  not 
equivalent, 

3  4  COMPARING  BOOLEAN  FUNCTIONS  WITH  DON'T  CARES 

A  Boolean  function  may  have  don't  care  conditions.  These  don',  care  conditions  can  be  specified  in  the  form 
Of  a  Boolean  I  unction  called  don't  care  function  having  the  same  variables  as  the  given  Boolean  fund  .on,  A 
(nudum  with  don  t  care  conditions,  therefore,  consists  of  two  component  functions:  a  care  function  which 
specifies  input  combinations  for  which  the  function  has  value  I.  and  a  don't  care  function  which  specifies  don't 
care  input  combinations.  Denote  the  care  function  and  the  don't  care  function  of  a  function  F  by  Fc  and  Fd 
respectively.  To  compare  F  and  G  for  equality,  implication  or  equivalence,  we  compute  designation  numbers  of 
Fl.  Fd,  (v  and  Gd  separately.  Designation  numbers  of  F(J  and  Gd  are  added  together  (component -wise  ORing) 

to  form  a  mask.  We  then  compare  designation  numbers  of  F;  and  G  ignoring  h,t  positions  in  which  the  mask 
has  I . 

3.5  EXAMPLE 


Consider  the  two  functions  I-  and  G  with  I  (AB(  D)  =  AC  +  BD  +  CD.  G  .(ABCD)  -  AB  +  AC  +  B'CD  + 
BC'D,Fd(ABCD)  =  A 'BCD'  +AB  'C'D.and  Gd<AB(  D)  =  A 'BC  Denote  the  designation  number  of  a  function  by 
adding  a  *  sign  before  the  function  symbol.  For  instance,  the  designation  number  of  F  (ABCD)  is  denoted  by 
“F  (ABCD).  Then.  c 


*Fc(ABCD>  =  (XX) 1 01 01  001  101  I  I, 


#Fd(ABCD)  =  00000010  01000000. 
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.( AB('D)  =  ()()() 1 01 00  001  I  I  1  I  I. 

*(ij(  AB('D)  =  OOOOOOI  I  00000000. 

The  mask  in  0000001 1  OIOOOOOO. 

By  comparing  ~F'c(AB(’l))  and  *Gc(AB(‘IJ)  with  mask  hits  (i.c..  bit  positions  in  which  the  mask  has  a  I) 
ignored,  we  see  that  F  and  (i  are  not  equal  but  !;  implies  (i. 

When  the  variable  serprence  ot  G  is  changed  to  ADBC.  the  designation  numbers  of  G  and  Gj  are 

sG  (AI)B(’)  =  000001 10  01  I  101  I  I, 

C 

=tij(Al)B(')  =  000 1 0001  00000000. 

The  mask,  which  is  the  bit-wise  OKing  of  -FjIABCI))  and  =G  ,(AI)B(  ).  is  000 1 00 1 1  01000000.  Under  this  new 
mask.  — !■  t.< AU(’I) )  =  =G^( ADBC ).  Therefore.  F  and  (i  are  etpiivalenl. 
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4.  BOOLEAN  EXPRESSION  MINIMIZATION 


4.1  INTRODUCTION 


The  design  of  a  combinational  logical  network  generally  involves  two  steps.  In  the  firs,  step,  the  desired 
relation  between  the  input  and  output  signals  is  stipulated,  from  which  a  Boolean  expression  which  represents 
the  network  function  is  derived.  There  are,  in  general,  numerous  different  Boolean  expressions  which  are 
equivalent  ...  that  they  all  represent  the  same  network  function.  Therefore,  in  the  second  step,  calculation  may 
be  performed  on  the  expression  obtained  in  the  first  step  to  obtain  the  “minimum"  equivalent  expression.  This 
second  step  is  termed  the  minimization  or  the  simplification  process. 

An  equivalent  expression  is  a  minimal  expression  if  one  of  the  following  three  minimality  criteria  is  satisfied. 

1.  The  minimal  expression  is  the  expression  with  fewest  literals. 

2.  The  minimal  expression  is  the  expression  with  minimal  sum  of  literals  and  terms. 

3.  The  minimal  expression  is  the  expression  with  the  fewest  terms,  provided  another 
expression  does  not  have  the  same  number  of  terms  and  fewer  literals. 

Quine1  Sh0wed  ,hat  u"dcr  such  criterion,  the  minimal  expression  is  a  disjunction  of  certain  products  called 
pnmc  implicants.  I  he  minimization  process,  therefore,  involves  firs,  obtaining  the  set  of  prime  implican.s  and 
t  ten  choosing  the  best  irredundant  set  of  prime  implicants  based  on  the  minimality  criterion  used. 

The  process  of  obtaining  the  absolute  minimum  expression  is  a  complex  and  time  consuming  computation 
process,  mainly  because  for  some  expressions  the  number  of  prime  implicants  is  very  big'6.  It  is  quite  often  the 

case  that  the  hardware  cost  saved  by  finding  a  minimum  circuit  is  far  less  than  the  cost  of  finding  that  circuit, 

and  a  nearly  minimum,  not  the  absolute  minimum  circuit,  which  is  rapidly  found  is  the  most  economical.  Thus 
our  primary  concern  is  to  find  an  algorithm  for  obtaining  an  approximate  minimum  form  with  emphasis  on  the 
speed  of  computation  and  memory  icquirement. 

The  techniques  of  minimizing  Boolean  expression  can  be  classified  as  map  methods'4,  tabular  methods'2-  13 
and  cubical  complex  methods'3-  '*.  Map  methods  are  satisfactory  for  functions  of  no  more  than  six  variables. 
The  tabular  method  and  the  cubical  complex  method  are  more  suitable  to  machine  computation.  Moreover,  the 
usefulness  of  these  two  methods  arc  not  limited  by  the  number  of  variables.  The  approximate  minimum  method 

which  is  the  main  subject  of  this  chapter  stems  from  the  cubical  complex  method.  Therefore,  this  chapter  will 
begin  with  a  brief  discussion  of  cubical  complexes. 

4.2  CUBICAL  COMPLEXES 


A  geometric  representation  of  a  Boolean  function  is  obtained  by  mapping  a  Boolean  function  of  n-variables 

onto  the  n -dimensional  uni,  cube.  We  se,  up  a  coordinate  system  on  the  n-cube  with  coordinates  (e  .  ,  ....  e  I 

I  2 ’  ’  n' 
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whcre  ej  -  0.  I  We  then  make  the  correspondence  between  the  fundamental  product  x^'x  °2  —  x  ^  and  a 
vertex  (e, ,  e2,  - ej,  where  x.^  =  Xj  if  e.  =  I,  and  x(ei  =  x.'  if  e.  =0. 

Let  Z2  represent  the  space  of  Boolean  elements  0  and  I.  Then  the  space  of  n-tuples  of  0’s  and  !‘s  is  the 
taMesian  product  Z2xZ2x-xZ2  of  n  Z/s.  This  Cartesian  product,  representing  the  n-cube,  is  designated  by 
Z2n.  Then  a  Boolean  function  is  a  mapping  of  Z2"  into  Z2<  Z2"-Z2.  The  elements  of  Z/  (i.e.,  n-tuples  of  0’s 
and  I's)  which  map  to  the  element  I  of  Z2  are  called  0-cubes  or  ON-vertices.  Two  0-cubes  are  said  to  form  a 

1 - cube  it  they  ditter  in  only  one  coordinate.  Thus,  the  two  0-cubes  101  and  III  form  a  l-cube  represented  as 
Ixl,  where  x  means  that  the  entry  in  the  second  coordinate  (also  called  a  component)  can  be  either  a  I  or  0. 
The  0-cubes  which  form  a  l-cube  are  called  faces  of  the  l-cube.  The  x  indicates  a  free  component,  and  the 
others  are  called  bound.  The  space  of  all  0-cubes  is  denoted  by  K°,  and  the  space  of  all  I -cubes  is  denoted  by 
K  .  Two  I  -cubes  ol  K1  form  a  2-cube  if  the  free  component  is  in  the  same  coordinate  for  both  l-cubesand  if 
exactly  one  bound  component  disagrees.  The  l-cubes  which  form  a  2-cube  are  called  opposite  faces  nf  the 

2- cube.  The  space  of  all  2-cubes  is  denoted  by  K2.  This  process  continues  inductively  to  give  Kr,  the  space  of  all 
r-cubes,  0  <  r  <  n. 

I  he  operations  of  obtaining  the  faces  of  an  r-cube  and  obtaining  an  r+l-cube  from  Kr  can  be  formalized  as 
follows: 

Let  (a  ,  a2,  an )  =  cr  be  an  r-cube,  a;  =  0,  I  or  x,  and  there  are  r  x’s.  Then  we  can  find  the  faces  of  cr 
with  the  i-th  face  operator. 


Y(a.,ar~,  an)  = 


V,>P.  aj+ , »  .  an)ifa.  =x 


<t>  if  a(  *  x 


where  p  -  0  or  I  We  can  find  a  cube  crM  with  the  i-th  eoface  operator 


6i^a,.  a2,  — ,  aj  = 


(a«’“  aj+J,  — ,  an)  =  cr+1  if  a. 


*  x  and  cr+1  C  K(f), 


1  ai  =  x  or  if  cr+1  ^  K(0- 


The  cubical  complex  of  function  f,  A'(f)  is  defined  as  the  collection  K°,  K1,  --,  Kr,  --,  Kn  and  the  face  and 

coface  operators.  A  cubical  complex  is,  therefore,  an  algebraic  system  made  up  of  algebraic  operations  and 
collections  of  cubes. 

Based  on  the  cubical  complexes,  some  of  the  operations  which  are  useful  in  obtaining  prime  implicants,  and 
essential  prime  implicants  are  discussed  below. 


4.2.1  Star-Product  (Consensus  Operation ) 

The  star-product  of  two  cubes  can  be  defined  through  the  ‘-product  of  coordinates  of  the  cubes.  The 
coordinate  ‘-product  is  defined  by  Table  2. 
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Table  2 

Coordinate  ’-Product 


Let  cr  =  (a, . 
lor m  a  *  h  lot 

I  I 


a")  and 


^  i  ^  n. 


c  (br  b,  — .  b"l  be  cubes  of  a  complex  K  To  loim  the  ’-product 
a,  ’  .»,  =  y  lor  more  than  one  i.  e'  *  cN  =  p.  if  at  most  one  y  appears  then 


er  *  ( "  =  (m(a|  *  h( ).  m(a,  *  h,>. 


m(a 


*  b  )), 

II 


where  m(a[  ’  b  )  is 


ml  0 1  =  I). 
nil  I )  =  I . 
ml xi  =  m(>  |  =  x. 


I' tjrurc  3  gives  several  illustrations  of  the  ’-product. 


Illustrations  for  ’-Product  of  Cubes 
Figure  3 
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1  hC  *‘Pr°duC'  °f  *  c%  ^‘l""eh,c;i"-v  "  »•«■*  c1  (u  I -cube)  winch  has  opposite  (l  I  Maces  ...  cr  and  c\ 

P  c 1 1 vc I v  II  Ilk  Value  ill  e  *  c  is  0.  no  such  c*  exists.  I  he  ‘-product  thus  has  the  potentiality  of  finding  a 

new  cube  c1  which  falls  between  cubes  cr  and  c\  o,  which  may  include  cr  or  c\  Several  properties  of  the 
* -prod lie l  ate  listed  in  the  follow  ine. 


Cr  *  c'  =  cs  *  cr  c 


connniitative 


1  ,  :l  *  *  >'  I  v  /..a  *  .1' ,±  ,e- 

-■  c  *c  >■  I  ^  (e  e  )*c  noliassocialive 


5.  II  crCc\  then  cr  *  cs  =  cr. 

4.  II  c  *  c  -  c  and  c'Cc*.  then  S.cr  *  0.  for  some  i.  some  #  0.  some  sei|uenee 

of  6.  operations  on  cf  will  produce  c1.  and  some  sequence  d.p  operations  on  c1  will 
produce  cr. 

■v  II  c  1  and  c  2  are  opposite  laces  of  some  cube  cr* then  cf|  *  crj  =  cM  1  =  3  (cf| ) 
where  i  is  the  coordinate  in  which  cr'  and  cr-  differ. 


4.2.2  Sharp  Operation  (—operation) 


Tins  operation  is  a  sort  of  subtraction  operation,  and  wall  he  described  for  any  two  cubes.  Note  that  if  we 
torm  a*h.  where  a  and  h  are  cubes,  we  obtain  the  set  of  subcubes  of  a  which  is  not  included  in  h.  To  give  an 
algebraic  definition  we  lirst  define  a  coordinate  --operation  as  given  in  Table  3. 


Table  3 


Coordinate  #Operation  a.  #  b. 


Note  that  this  operation  is  nun-commutative  (that  is,  a.  #  b.  ¥=  b  #a  ) 

i  i  i  i  '* 
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To  describe  the  "-operation  between  two  cubes,  let 


cr  =  (a,,  a,.  — an)  and  es  =  (b, .  b,.  — b()>. 

er  it  a(  «  b.  =  y  tor  any  i 


0  if  a.  -  b  =  z  lor  all  i 

i  i 

u 


(a, 


-.a  ..a,  a 

i  i  i  i*i 


-.at,  where 


a(  ff  b.  =  a.  -  0  or  I  and  the  union  runs 


over  all  such  i. 


for  example,  xxx  -  1 1>.  =  OxxOxOx. 

The  following  properties  of  the  --operation  follow  immediately  front  the  definition. 

1.  cr  =  cs  =  cr  if  cr  n  cs  =  0 

2.  cr  =cs  C  er. 

3.  sr  -  cs  ¥=  cs  -  cr  non-commutativc. 

4.  <cr  -  cs)  -  c1  ^  cr  -  (c'  -  c*  >  lion-associative. 

Ihc  --operation  can  also  he  shown  to  satisfy  tiic  distributive  laws: 

5.  (cr  U  s')  tt  c'  =  (cr  #  c'  |  U  (c"  *  c'  >.  and 

6.  (er  D  es )  *  c'  =  (cr  if  c‘)  f|  (cs  #  c* ), 

and  also  the  following  type  of  commutative  law. 

7.  <cr  *cs)  #c'  =  (cr  #c')*c\ 

4.3  PRIME  IMPLICANTS  OF  A  BOOLEAN  FUNCTION 

A  prime  implicant  a  of  a  Boolean  (unction  f  is  a  product  which  has  the  following  properties: 

I  a  implies  f  (i.c.,  a  is  an  implicant  of  f) 

2.  If  0  is  obtained  by  deleting  any  literal  from  a  then  0  does  not  imply  f. 

In  terms  of  cubic  rl  complex,  a  cube  z  of  a  complex  K  is  a  prime  implicant  of  the  complex  K  if  there  exists  no 
other  cube  in  K  wnicli  includes  z. 
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Qnine-Mc(  luskey  (ubulur  method12'  1 J  and  iterative  consensus  method18,  |g  are  the  two  most  commonly 
known  methods  ol  obtaining  the  complete  set  of  prime  implicants  of  the  given  function.  These  two  methods 
generally  require  large  amounts  ol'  computation. 

Since  only  an  approximate  minimum  expression  is  to  be  obtained,  a  complete  set  of  prime  implicants  is  not 
required.  Rather,  prime  implicants  of  major  concern  are  those  obtainable  through  enlargement  of  certain  cubes. 

4.3.1  Quine-McCluskey  Tabular  Method 

This  method  is  based  principally  on  the  theorem  XY  +  XY'  =  X.  The  'irst  step  in  this  method  is  to  transform 
the  expression  (to  be  simplified)  into  the  canonical  sum  form.  The  preceding  theorem  is  then  applied 
exhaustively  to  obtain  all  irreducible  terms,  that  is,  terms  to  which  the  theorem  cannot  be  further  applied. 

The  theorem  is  applied  first  to  all  possible  pairs  of  terms.  Two  terms  to  which  the  theorem  can  be  applied 
will  reduce  to  one  term  with  one  less  literal.  For  example.  AIK  +  ABC  '  =  AB.  Next,  all  terms  reduced  by  one 
literal  are  examined  to  see  whether  they  can  be  combined  further,  by  the  application  of  the  theorem,  into  a  term 
with  still  fewer  literals.  This  procedure  is  continued  until  no  further  terms  can  be  combined.  The  resulting 
irreducible  terms  are  called  "prime  implicants." 

Hus  procedure  is  more  conveniently  carried  out  with  binary  representations  of  product  terms  (called  binary 
terms)  than  with  the  algebraic  expression  itself.  The  first  step  is  to  construct  a  table  by  writing  down  binary 
terms  of  the  function.  These  binary  terms  are  grouped  according  to  the  number  of  I's  contained,  and  the  groups 
are  arranged  consecutively  in  the  order  of  increasing  number  of  I  s.  Arranging  terms  in  this  way.  it  is  necessary 
only  to  compare  terms  in  one  group  with  terms  in  an  adjacent  group  li  e.,  the  group  containing  terms  with  one 
more  I)  ...  order  to  apply  the  theorem  XY  +  XY'=  X.  The  terms  that  can  be  combined  are  "checked  off’ 
signifying  that  they  are  not  prime  implicants.  and  the  new  terms  obtained  through  combination  are  written  down 
in  a  new  table.  When  the  comparison  between  terms  of  every  two  consecutive  groups  in  the  first  table  is  finished, 
unchecked  terms  are  corresponding  to  prime  implicants. 

Terms  in  the  new  table  are  then  compared  for  further  combinations.  A  (indicating  a  missing  literal)  in  a 
term  must  match  with  a"-  m  another  term  for  them  to  be  combined.  New  terms  arc  arranged  into  a  new  table 
again,  and  the  process  is  repealed  until  no  new  table  is  created.  At  the  end  of  the  process,  unchecked  terms  from 
all  tables  correspond  to  all  prime  implicants  of  the  function. 

4.3.2  Iterative  Consensus  Method 


To  apply  the  iterative  consensus  method,  the  given  Boolean  expression  must  be  in  the  sum-ol-products  form. 
The  theorem  XY  +X'Z=  XY  +X'Z+  YZ  and  X  +  XY  =  X  form  the  basis  for  this  method.  Let  P  =  xy  y  ~y 
and  U  =  x  /(  z2~-zn,  where  it  is  possible  that  y.  =  /.  for  some  i  and  j.  The  consensus  of  P  and  0  (i.e.,  the  star 
product  of  cubes  corresponding  to  P  and  0),  also  written  as  P  *  Q.  is  defined  to  be  y(y2~y  z  /.  — z  (with 
any  repeated  literals  removed)  unless  y.  =  z'.,  which  case  the  consensus  is  said  not  to  exist. Quine 1  g  showed 
that  successive  additions  of  consensus  terms  to  a  sum-ol-products  expression  and  the  removed  of  terms  which  are 

included  in  the  other  terms  (by  X  +  XY  =  X)  will  result  in  a  complete  sun,  which  is  the  sum  of  all  prime 
implicants. 
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",iS  PmCCdU,e  C';l"  ylsU  b°  'm'lk‘meilk'1'  method  using  binary  terms.  The  method  involves  the 

loll,  wing  steps: 


!.  Licit  term  ol  the  table  is  compared  with  each  term  above  it  in  the  table. 


2.  II  any  term  is  lound  to  be  included  in  another  term,  the  included  term  is  removed 
from  the  table. 


3.  II  any  two  terms  have 
terms  of  the  table  and 
any  other  terms. 


a  consensus,  the  consensus  term  is  compared  with  all  other 
then  added  at  the  bottom  of  the  table  if  it  is  not  included  in 


4.  The  process  terminates  when  every  term  Ins  been  compared  with  all  terms  lower  down 
lllC  laMc'  Thc  ,ernis  wl,idl  icn,:|m  Hn-'  table  correspond  to  all  the  prime 


implicanls. 


4.3.3  Cube  Enlargement  Method 

AM'ouiil,  ,l,c  Quinc-McCluskey  labular  ,„o(l,,«l  is  slraighl  forward  ami  can  bo  easily  implemented.  il  assumes 

"e  p,VC"  “p,'SSi'"’  1,1  be  in  . cal  w'»"  'he  canonical  exp,essi„„  eon numerous  reams,  the 

ol  the  .able  becomes  inconveniently  l,ie.  and  the  process  becomes  a  tin.e  consuming  compulation.  The 
ne. alive  consensus  me, bod  ,ec,ui,es  only  dial  the  expression  is  in  sum-of-producls  form.  Therefore,  il  generally 
has  a  smaller  .able  lo  hegin.  bn,  Ihe  process  is  more  involved.  Bo, I,  melhods  calculate  the  whole  sel  of  prime 

""P',CanlS  Fw  a  c“ . .  cl“  "<  ■'«  "ni'iber  of  all  prime  in, plica,,, s  may  be  ver,  big.  For  example 

consider  a  tunctmn  ol  .Ik  variables  with  a  cubical  complex  containing  all  cubes  having  exactly  k  coordinates 

'•  k  . . .  ™d  k  CK.rdinu.os  cipial  x.  I,  is  easy  ,„  see  tha,  each  of  ,hese  cubes 

corresponds  ,0  a  prime  in, plica,,,  of  ,l,e  funcion.  Therefore,  for  this  special  class  of  functions  the  number  of 
prime  implieuuts  is 

/3k  \  /2k  \  (3k)! 


\k/  \  k/  (k!)3 

which  is  1680  fo,  k  =  3.  Consequently  for  such  funcions  bo, I,  ,he  Quine-McCluskcy  tabula,  me, hod  and  Ihe 
iterative  consensus  method  are  very  inefficient. 

Ouile  of,™  ,1  may  no,  be  necessary  lo  oblain  a  minimum  form,  either  if  the  minimise, lion  process  becomes 
ledums  and  lime  consuming  o,  if  ,l,c  cos,  of  the  circuit  is  „f  p.imary  cxincern.  Hence  an  algorithn,  of  finding 
an  approximate  minimum  based  on  the  cube  enlargement  is  developed. 

In  Ihe  cube  enlarge,™,,,  me, hod.  Ihe  given  fnneion  mns,  be  expanded  . .  a  sum-of-prodncl,  f„„„  fi,„  a(  ,„ 

""I1""  WM  Thc  l”'"'"d  «•  ■*  described  in  , earns  of  cubical  complex,  and  don',  cares  will 

he  considered  also.  This  melliod  is  a  modifrcalion  of  Miller's  Local  Lxtraclion  Algorithm1 6. 


Lcl  lx‘  |||C  scl  ul  :|11  ()N-cubes  ( conesp. tntl iny  to  products  in  the  expanded  form),  mid  K()  he  the  cubical 
complex  ol  C  o .  Also  let  D  he  the  set  ol  all  don't  care  cubes  (corresponding  to  products  of  the  don't  care 
(unction),  and  N  be  the  cubical  complex  of  IJ  , 

u  r  o 

The  procedure  involves  the  following  steps: 


I.  All  cubes  ol  (  (  are  arranged  in  the  order  of  ineieasing  number  of  x  in  each  cube. 


•  Let  er  -  (c  ,  c\ , 


'  =  (c,.  c. 


cn)  be  a  cube  ol  C  ^,  and  e.  be  the  lirst  non-x  component.  Form 


c. 


x,  c. 


C.)  and  cr  =  (c, .  c,,  e. 


i  I '  a'  Ci  i  I '  c„  >’ 


2’  '  1 . •  *  I  '  'll .  "|  1  '■2 

where  a  =  0  if  c.  =  I  and  a  =  I  if  c.  =  ().  Then  check  to  see  if  /.  is  in  the  cubical 
complex  k(  =  Kn(JN(.  This  can  be  done  bv  using  the  ^-operation.  Thus,  cr  it 
«('o  ct)(  1  D„>  =  (>  (empty),  if  and  omy  if  /  is  in  K( .  If  y  is  in  K, ,  cr  is  replaced  by 
/  and  the  operation  is  repeated  on  the  next  non-x  coordinate  of  /.  If  7  is  not  in  K 
we  try  the  same  operation  on  the  next  succeeding  non-x  coordinate  of  cr 


V 


Hits  process  ot  expanding  er  is  continued  until  all  non-x  coordinates  have  been  tested.  The  resultant  cube  is  the 
prime  impheant  enlarged  from  cr.  After  applying  the  second  step  to  each  cr  of  the  prime  implicant  cover  C, 
ol  K,  is  obtained.  The  number  of  prime  implieants  obtained  is  less  than  or  equal  to  the  number  of  terms  in  the 
original  sum-ol -products  expression. 


4  4  APPROXIMATE  MINIMUM  COVER 


A  minimum  expression  is  the  sum  of  an  irredundunt  set  of  prime  implieants  such  that  one  of  the  minimality 
criteria  is  satisfied.  To  find  an  absolute  minimum  expression,  one  has  to  find  the  whole  set  of  prime  implieants 
which  m  some  cases  is  terribly  big.  To  find  an  approximate  minimum,  we  need  only  the  set  of  prime  implieants 

obtained  by  cube  enlargement.  The  procedure  of  obtaining  an  approximate  minimum  cover  from  this  set  of 
prime  implieants  is  as  follows: 

Let  (  ,  be  the  set  ol  prune  implieants  obtained  by  means  of  the  cube  enlargement  method.  We  wish  to  find  a 
minimum  cover  which  is  a  minimum  subset  of  prime  implieants  in  C,  such  that  every  vertex  in  K  ,  is  covered  by 
some  prime  implieants  in  the  subset. 

The  lirst  part  is  to  Imd  il  any  cube  c  of  C,  covers  some  vertex  in  K(>  which  is  not  covered  by  any  other  cube 
in  (',.  A  cube  c  is  of  this  type  if 


c#D,  #(('!  c)#0  (4.4.1) 

such  a  cube  is  called  a  pseudo  cm;, Ha!  prime  implicant.  and  it  must  be  included  in  the  approximate  minimum 
cover.  The  set  of  all  pseudo  essential  prime  implieants  will  be  denoted  by  F( . 

Hie  second  part  is  to  Imd  the  approximate  minimum  cover  by  iteratively  choosing  cubes  in  C  F  .  I11 
selecting  cubes  from  C,  F, ,  bigger  cubes  with  larger  number  of  vertices  not  cover  by  F  and  d'  are 
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prelerential.  This  is  because  a  bigger  cube  has  fewer  literals,  and  vertices  not  covered  by  F  and  D  are 
ON-vertices  which  must  be  covered  in  the  minimum  cover.  This  preference  in  selection,  can  be  accomplished  by 
ordering  cubes  in  C,  F,  according  to  their  cost  factors.  The  cost  factor  of  a  cube  q  is  defined  as 

&  =  2r  +  k  •  |  a  | 


where 


2r  is  the  number  of  vertices  in  cube  q  (r  is  the  dimension  of  cube  q), 
k  is  a  weight. 


and 


°  1  iS  1,1  ,cr,“s  «•  «l>“  «  «l  «r  'I'S  mliccs  covered  by  F,  end  D„,  nemely 


a  =q  #D()  #  F( 


(4.4.2) 


To  facilitate  the  selection,  cubes  in  C,  F(  are  arranged  in  the  order  of 

cubes  is  then  followed  by  the  list  of  cubes  in  D<(  and  the  list  of  cubes  in  F 
Figure  4.  1 


increasing  cost  factors.  This  list  of 
to  form  a  linear  array  as  shown  in 


Cubes  of  C(  Fj  arranged  downward 
according  to  increasing  cost  factors. 


Cubes  of  D 

_ O 

Pseudo  essential  prime  implicants 
(cubes  of  Fj ). 


Arrangement  of  Cubes  for  Obtaining  an  Approximate  Minimum  Cover 


The  selection  algorithm  is  as  follows. 


Figure  4 


1.  Starting  from  the  first  cube  in  the  array,  each  cube  in  the  first  list  is  ^operated  by 
every  cube  below  it  in  the  whole  array. 

2.  Whenever  an  empty  result  is  obtained  in  a  chain  of  ^operations,  the  cube  under 

consideration  is  discarded  and  then  pick  up  the  cube  immediately  below  it  for 
consideration, 


3.  If  what  results  from  the  complete  chain  of  Operations  is  non-empty,  we  must  select 
the  cube  under  consideration  and  move  it  to  the  bottom  of  the  third  list. 
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4.  The  process  terminates  when  the  last  cube  in  the  first  list  has  been  considered  for 
selection. 


When  the  process  stops,  the  set  of  cubes  in  the  third  list  corresponds  to  the  approximate  minimum  cover. 

-he  designer  can  choose  a  minimum  cover  with  fewer  literals  or  fewer  terms  by  adjusting  the  weigh,  k.  In 
general,  if  a  design  with  fewer  terms  is  preferred,  a  higher  weigh,  should  be  used.  Conversely,  if  a  design  with 
fewer  literals  is  preferred,  a  lower  weight  should  be  used.  Weights  of  !4,  I.  and  2  are  used  in  the  implementation. 


REMARK 


Two  chains  of  ^-operations  are  carried  out  during  the  minimization  as  implied  by  equations  (4.4.1)  and 
(4.4.2).  They  are  rewritten  in  the  following: 


c  #D(  #(C,  c>  =  0  (4.4.,) 

q#D„  #  F,  =  a  (4.4.2) 

where  c  is  in  C,  and  q  is  in  C,  F( . 

Smce  a  cube  in  C,  F,  is  also  in  C, .  the  computation  of  (q  #  DJ  can  be  saved  if  the-intermediate  results 
(c  #  D0)'s  are  stored  during  the  computation  of  equation  (4.4.1).  In  general,  however,  because  c  #  D()  is  not  a 
single  cube,  a  large  memory  is  required  to  store  all  (c  #  D  )'s 

O 

4.5  PROGRAM  IMPLEMENTATION 


Smce  the  LINC  is  a  binary  computer,  each  bit  can  only  represent  cither  0  or  I.  But  a  variable  in  a  product 
may  be  true,  not,  or  missing.  Hence  two  memory  words  (or  bytes)  are  required  to  represent  a  product  (i.e.,  a 
cube).  For  example,  in  the  case  of  three  variable  functions,  the  product  AC '(i.e.,  1x0)  is  represented  by  the  two 
binary  words  100  and  010.  In  the  first  word  a  1  represents  a  I.  while  a  0  represents  either  a  0  or  an  x  in  the 
binary  representation  of  the  product.  In  the  second  word  a  I  represents  x.  while  a  0  represents  either  a  I  or  a  0. 
The  firs,  word  is  denoted  by  N  and  the  second  word  by  P  in  the  flow  char,  of  the  minimization  program  given 
ii.  Appendix  7.2.  This  internal  representation  is  called  the  N-P  representation.  As  the  first  step  of  the 
minimization  procedure,  product  term  is  transformed  into  its  N-P  representation.  After  the  minimum  cover  is 
obtained,  the  N-P  representation  of  each  cube  in  the  cover  is  transformed  into  a  product  term. 


4.6  EXAMPLE 

Consider  the  Boolean  function  F  with  Fc  and  F^  given  as  follows; 

Fc(H,G,E,A,B,C)D)  =  H'AB'C'D'  +  H'E'A'BC'D'  +  H'G'E'A'BC'D'  + 

H'G'A'B'CD'  +  H'A'B'C'D'  +  G '  E '  ABD '  +  G'EBCD  +  H'G'E'BD  + 
H'G'A'BCD 

F<j(H,G,E,A,B,C,D)  =  H'E'A'BC'D  +  H'GA'B'CD 


Hie  prime  imphcauls  obtained  through  the  eulie  enlargement  are 


II' I  A'lK  ' 
ll'l  'A '(  '  D' 
ll'A'B'D' 
ll'G'A'IKI) 
ll'B'C'l)' 

g'e'abd 

G'IBCD 

h'g'i'bd. 

I  lie  approximate  mmiimiin  cover  obtained  is 


ll'I  'A  'IK  ' 

ll'A'H'D' 

ll'H'C'D' 

(i '  I* '  A  HD 
(1 '  HIK'D 
II  'G'  I  'HD 

where  (lie  lirst  live  are  pseudo  ossemial  prime  iniplieanis.  The  approximale  miiiiiiiiiin  expiession  is  then 


H'E'A'HC'  +  ll'A'B'D' 


+  H'B'C'D'  +  G'E'ABD  +  G  'EBCD  +  H'G'E'BD. 


4.7  CONCLUSION 

Many  Boolean  expression  minimization  algorithms  have  been  developed  in  the  past,  almost  all  of  them  are  for 
obtaining  absolute  minimum  expressions.  Due  to  the  following  reasons,  however,  it  is  sometimes  not  preferred  to 
obtain  the  absolute  minimum  expression. 

1.  The  computation  is  time  consuming  and  requires  large  computer  memory. 

2.  The  switching  ciieuil  realizing  the  absolute  minimum  expression  is  sometimes  the  most 
unreliable  circuit 


3.  Redundancy  is  sometimes  added  to  increase  reliability  and  check  out  capabilities. 

Therefore,  it  is  often  more  preferable  to  compute  an  approximate  minimum  expression  than  an  absolute 
minimum  expression,  bor  this  reason,  the  algorithm  for  obtaining  an  approximate  minimum  expression  is 
developed. 
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Ilk'  ulgoi  n Inns  presented  in 
ilium  i  I  Inns.  however.  mo  iisel  ul 
v:ir uihlos  ol  ;i  boolean  t'linci imi. 


Scvllo,ls  4-'  '  :llltl  4  4  ,l;lve  implemented  on  1  lie  I.INC  computer.  These 
1,1  any  binary  machine.  In  piinciple.  there  is  no  limitation  to  the  number  of 
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5  COMPUTER  EXPANSION  OF  BOOLEAN  EXPRESSIONS 


5.1  INTRODUCTION 


In  computer  mimmi/.ition  ol  Boolean  expressions,  it  is  generally  assumed  that  Boolean  expressions  are  given 
m  canonical  form  (i.e..  sum-of-mmterms  form),  normal  form  (i.e.,  siim-of-produets  form),  or  their  equivalents. 
Since  in  practice  Boolean  expressions  as  they  are  originally  given  are  very  often  not  in  the  assumed  form,  it  is 
neeessai v  to  preprocess  them  by  expanding  them  into  the  assumed  form.  Although  relatively  easy  and  straight 
forward,  this  process  could  he  troublesome  and  become  a  source  of  error  if  performed  manually.  Therefore,  this 
process  is  an  essential  step  in  the  automation  ol  Boolean  expression  minimisation. 

Minimization  methods  can  he  classified  into  two  categories  according  to  whether  the  canonical  form  expansion 
is  required  12  14  or  simply  a  normal  form  expansion  is  required15  ,ft.  Generally  the  amount  of  computation 
and  memory  needed  in  the  minimization  process  is  proportional  to  the  number  of  terms  in  the  expanded 
expression.  Ihcrelore  methods  ol  the  second  category  are  more  suitable  to  computer  processing  where  the 
normal  I  or  in  expression  obtained  has  considerably  fewer  terms  than  the  canonical  form  expression  has.  This  is 
very  olteu  the  case  it  the  normal  lorm  expression  is  obtained  by  applying  DeMorgan's  theorems,  associative  laws, 
and  distributive  laws.  Accordingly  the  development  ol  efficient  computer  algorithms  to  perform  this  normal  form 
expansion  is  important. 

Computer  algorithms  are  presented  in  section  5.2  for  applying  DeMorgan's  theorems  algebraically  to  any 
Boolean  expression  containing  AND,  “OK,  and  "NOT  operators.  The  resulting  expression  can  then  be 
expanded  algebraically  into  a  normal  form  expression  by  applying  associative  laws  and  distributive  laws,  using  the 
algorithm  of  section  5.3.  Main  features  of  these  algorithms  are: 


1 .  Each  algorithm  is  a  one-pass  algorithm. 

2.  Each  algorithm  is  syntax-oriented, 

5.2  ALGORITHMS  FOR  APPLYING  DEMORGAN'S  THEOREMS 


Boolean  expressions  given  are  assumed  to  be  in  the  most  commonly  used  infix  form  as  defined  in  subsection 
2.3.1.  In  this  form,  DeMorgan’s  theorems  can  be  written  as  (X+Y)'=  x  '  y'  and  (XY)'  =  X'  +Y' 

flic  Boolean  expression  is  scanned  backward  from  the  end  (i.e.,  from  right  to  left),  and  DeMorgan’s  theorems 
are  applied  whenever  applicable.  Two  different  algorithms  which  perform  this  process  are  studied.  They  act  as 
syntax  analyzers  and  transform  the  expression  almost  symbol  by  symbol  in  one  pass.  They  are  given  in  Backus 
Normal  Form20  with  output  imbedded  as  shown  in  algorithms  1  and  2. 
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Algori thin  l: 


<expression>  .:  =  <term>  {  +  )"+”]  <tcrni>  } 
<teim>  ::  =  <factor>  {<faclor>} 

<tactor>  . .  -  <variahle>  1 1 lie  same  variable)/ 

'<variable>  and  the  same  variable) 

)  I")”]  <expression>  (  )“(‘’|/ 

'  I  <c  expressinn>  ( 


<e  expressioit>  <siugle  variable>  /  I")"]  <c  tcrm>  |"( "|  y 

{ +  {  Csmgl e  vuriahlc>  /  |“T|  <c  !mn>  |T'l)-} 


<c  ierm>  ::  =  <c  factor >1 


<c  factor>! 


"+"  il  the  current 
(  symbol  is  not  +  or  ( 

<c  faetor>  ::  =  <variahle>  |  and  the  same  variable)/ 

'  <variahle>  | the  same  variable)/ 

)  <c  expression>  (  / 

' )  <expression>  ( 

<smgle  variable>*  ::  =  <variable>  {  +  /  (  )-**["  and  the  same 

-  variable 

'  <variable> +  /  (  y**  |t|ie  same  variable] 
<variable>  ::  =  A/B/C/ . /Z 


*A  false  return  from  the  <singlc  variablc>  routine  causes  the  input  siring  pointer  to  move  back  to  the  place  it  has 
upon  entering  this  routine. 


** A  suci-essfl)l  recognition  of  +  or  (at  this  point  docs  not  cause  advancement  of  the  input  string  pointer,  This  is  the 
only  exception  to  the  general  rule  of  advancing  the  input  string  pointer. 
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Several  metalinguistic  symbols  are  used  here  and  in  the  following  algorithms.  <  >  denotes  a  syntactic  class. 
=  means  “is  defined  as,”  and  /  nas  the  meaning  of  “OR.”  j  j  denotes  iteration,  i.e..  zero  or  more  concatenated 
occurrences  ol  the  contents  of  the  brackets.-(  }de  notes  ordered  alternation,  i.e.,  the  first  alternation  is  taken  first 
'I  appl,cable-  °,hcrwise  ,ake  ">e  second  alternation,  etc.  |  j  denotes  symbols  to  be  put  out  or  actions  to  be 
taken.  In  all  algorithms,  a  successful  recognition  of  a  symbol  causes  advancement  of  the  input  string  pointer  by 
one  symbol  position  (i.e.,  get  next  symbol). 

When  this  algorithm  is  applied  to  the  input  expression 


((A+BK’+D')'  +  C((A+B)  '  D)'  +  ((B+C)'D)' 


the  output  expression  is 


<A'B'+C')D  +  C(AJB+D')  +  (B+C+D') 


Redundant  parenthesis  pairs  in  the  input  expression  are  acceptable,  and  they  will  appear  in  the  output  expression 
also.  Moreover,  as  shown  in  the  third  term  of  the  output  expression,  the  algorithm  generates  a  type  of  redundant 
parenthesis  pair  even  if  the  input  expression  is  free  from  redundant  parentheses.  This  type  of  redundancy  is 
inevitable  for  a  unidirectional-scan  one-pass  algorithm.  This  is  so  because,  as  one  might  have  noticed  by 
comparing  the  las.  two  terms  of  the  input  and  output  express, ons.  the  algorithm  would  no.  know  that  there  is 
no  other  factor  in  the  term  when  it  scans  the  factor  ({B+C)'D)'in  the  third  term. 

In  cases  where  the  generation  of  more  redundant  parenthesis  pairs  is  tolerable,  a  slightly  simpler  algorithm, 

given  as  algorithm  2  in  the  following,  can  be  used.  When  algorithm  2  is  applied  to  the  same  input  expression  it 
generates 


«A')(B')+C')(D)  +  C((A+B>t-D'  )+  ((B+C)+D'). 


It  ts  to  be  noticed  that  this  algorithm  produces  redundant  parentheses  around  single  variable  factors.  In  fact  the 
purpose  of  having  the  syntactic  Cass  <sing.e  variab.e>  m  algorithm  1  is  mainly  to  eliminate  this  kind  of 
redundant  parentheses.  Though  redundant  parenthesis  pairs  are  harmless,  they  no.  only  occupy  memory  but  also 
make  the  output  expression  look  clumsy.  When  this  process  is  followed  by  the  algorithm  for  applying  associative 
laws  and  d.stributive  laws  to  be  discussed  in  the  following  section,  all  parentheses  will  be  removed  eventually 
Excessive  number  of  redundant  parentheses,  however,  will  decrease  the  efficiency  of  that  algorithm  greatly. 

5  3  AN  ALGORITHM  FOR  APPLYING  ASSOCIATIVE  LAWS  AND  DISTRIBUTIVE  LAWS 


Associative  laws  are 


(X  +  Y)  t  Z  =  X  +  (Y  +  Z;  =X  +  Y  +  Z, 


and 


(XY)Z  =  X(YZ)  =  XYZ. 
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Algorithm  2: 

<expression>  ::  =  <term>  {  +  [“+"]  <tcrm>  } 

<term>  ::  =  <factor>  \<factor>} 

<faclor>  ”  =  <variable>  [the  same  variable)  / 

'  <variable>  and  t lie  same  variable)  / 

)  [“)”]  <c  expression>  (  )“(”)  / 

)  )“)“)  <expression>  (  |“(”) 

<c  expiession>  ::  =  <c  term>  {  +  )“(”,")”)  <c  lerm>} 
<c  term>  ::  =  <c  laclor>  {  )“+’’]  <c  faclor>} 

<c  factor>  ::  =  <variable>  and  the  same  variable]  / 

'  <variable>  (the  same  variable]  / 

'  )  )“)”)  <expressi»n>  (  |“(”)  / 

)  l“)  ”]  <c  expression>  (  [“(’’] 

<variable>  ::  =  A/B/C/D/ . /Z 
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Distribut  ive  laws  are 


X(Y  +  Z)  =  XY  +  XZ, 

(X  +  Y)Z  =  XZ  +  YZ, 

‘"'d  (X  +  Y)(X  +  Z)  =  X  +  YZ. 

The  expression  obtained  from  applying  any  algorithm  of  the  previous  section  is  the  one  to  be  processed  by  this 
algorithm.  The  expression  is  scanned  unidirectionally  front  the  beginning  (i.e..  from  left  to  right)  in  one  pass,  and 
one  of  these  laws  is  applied  whenever  applicable.  The  algorithm,  given  as  algorithm  3,  analyzes  t':e  syntax  and 
processes  the  expression  with  the  aid  ol  a  pushdown  stack  {called  the  primary  stack)  of  component  stacks  (called 
secondary  stacks).  The  stack  structure  is  shown  in  Figure  5.  and  the  algorithm  is  again  given  in  Backus  Normal 
Form  with  actions  imbedded.  A  cell  of  the  primary  stack  stores  a  secondary  stack  pointer,  while  a  cell  of  a 
secondary  stack  stores  an  item. 


Algorithm 


<expression>  ::=<term>  |  out  put  operation] 

{+  r+"l  <term>  |output  operation]} 
<term>  ::  =  <factor>  |pushdown  the  primary  stack] 

(<factor>  H  *  operation 

2.  pushdown  the  primary  stack,  if 
_  the  current  symbol  is  not  )  J 

<factor>  ::  =  <primitive>  /  (  <p  expression>  ) 
<primitive>  ::  =  f<variable>  /  <variable>  '  )- 


ariable>  /  <variable>  ' 


<p  expression>  "  =  <term>  (  +  <term> 


’store  the  primi¬ 
tive  as  an  item 
to  the  top 
[_secondary  stackj 


1.  +  operation 

2.  pushdown  the  primary 
stack,  if  the  current 
symbol  is  + 


<variable>  "  =  A/B/C/ . /Z 


o 

■O 

£ 

O  o 
CL  %  O 

w  (fl 


Stack  Structure 
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and  the  *  operation,  (a)  Preceding  the  +  operation  or  the  *  operation, 
(b)  After  the  +  operation:  (c)  After  step  1  of  the  *  operation. 

(d)  After  step  2  of  the  *  operation. 
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Ilk-  out  put  opci  u  t  ion  prints  out  cadi  item  m  the  top  non-empty  secondary  stack  as  a  product  term  with  a  + 
sign  between  every  two  terms  In  eases  wlicie  the  cubical  cover  coi responding  to  a  normal  form  expression  is  to 
lx  obtained  directly,  the  output  operation Jfelis  for  transformation  of  these  items  into  their  cubical 
i cpi osculations  and  stoics  them  away.  I he  Jpiperation  and  the  *  operation  both  operate  on  the  top  two 
non-empty  secondary  stacks.  Let  the  top  mill-empty  secondary  stack  and  the  one  immediately  below  it  be 
denoted  by  S,  and  S,  respectively.  The  +  operation  transfers  all  items  in  S|  to  S,.  clears  S|  by  moving  its 

pomtei  to  the  bottom,  and  then  moves  the  p.imary  stack  pointer  to  S,.  The  *  operation  consists  of  the 
following  two  steps: 

I  Delete  items  common  to  Sf  anil  S2,  and  record  these  items  in  a  temporary  storage. 

Dixtiihute  each  remaining  item  in  S(  to  all  remaining  items  in  S‘2 ,  transfer  all  items  in 
the  temporary  storage  to  S,,  clear  S,  by  moving  its  pointer  to  the  bottom,  and  then 
move  the  primary  stack  pointer  to  S,.  In  the  distribution  process,  the  multiplicative 
complementarity  law  (XX  '  =  0)  and  the  multiplicative  idenipolence  low  (XX  =  X)  can 
be  applied. 

Unix,  it  the  stack  contents  and  pointers  at  some  stage  of  the  process  are  as  shown  in  Figure  6(a),  then  they 
become  as  shown  in  Figure  6(h)  after  the  +  operation.  After  step  I  and  step  2  of  the  *  operation,  they  will  be  as 
shown  in  Figure  6|e)  and  Figure  6(d)  respectively. 

lo  help  in  understanding  this  algorithm  some  key  steps  in  the  process  of  applying  it  to  the 
expression^ A+H )(('+!) (F+FKi  will  be  explained.  After  D  is  recognized  as  a  variable,  the  input  string  pointer 
moves  to  the  next  symbol,  and  D  is  stoted  as  an  item  in  the  top  secondary  stack.  At  this  stage  the  stack 
contents  and  pointers  are  shown  in  Figure  7(a).  After  D  is  recognized  as  a  term  and  the  +  operation  performed, 
ihey  become  as  shown  in  Figure  7(b).  Since  the  symbol  pointed  by  the  input  string  pointer  at  this  time  is),  it 
recognized  (  +1)  as  a  P  expression  and  (C+D)  as  a  factor.  The  *  operation  is  then  performed,  and  the  stack 
contents  and  pointers  become  as  shown  in  Figure  7(c). 

5  4  PROGRAM  IMPLEMENTATION 


The  flow 


chart  of  the  boolean  expression  expansion  program  is  shown  in  Appendix  7.3. 


5.5  CONCLUSION 

-three  computer  algorithms  have  been  presented;  two  for  applying  DeMorgan’s  theorems  and  the  other  for 
applying  associative  laws  and  distributive  laws.  By  using  these  algorithms  any  well-formed  Boolean  expression 
containing  "AND,"  “OR,"  and  “NOT"  operations  can  be  expanded  into  its  normal  form  in  two  passes.  These 
recursive  algorithms  may  not  be  most  eflicient  to  achieve  their  goals,  yet  they  are  easy  to  understand  because 
they  are  syntax-oriented.  They  have  been  programmed  and  tested  on  the  LINC,  and  the  whole  program  occupies 
less  than  a  thousand  12-bit  words  of  memory. 
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Syn’hol  iiniiiipul.il ion  languages  such  as  SNOBOL2'  and  FORMAC”  can  be  used  to  program  the  expansion 
eX|,'L‘SMl’n  wi"'  ,cl:"iw  Asitlc  Iron.  I  he  uecessi.y  of  a  big  machine  to  run  a  general  symbol 
manipulation  language,  however,  special-pui pose  algor, Hum  such  as  these  are  undoubiedly  much  more  efficient. 
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6  CONCLUSION 

A  sci  til  computer  oiiented  algorithms  useful  in  logic  design  automation  luis  been  developed.  These  algorithms 
me  piogrammcd  on  the  I  INC  computer  as  a  set  of  seven  tontines.  The  tontines  can  he  used  independently  or 
.1  milk.  I  igiire  N  explains  how  the  routines  can  he  linked  togethei  to  I'orni  a  computer  aided  logic  design  system. 

In  the  figure,  each  oval  box  icpieseiits  a  untune  while  each  rectangular  box  indicates  the  form  by  which  a 
Boolean  lunction  is  represented.  The  double-lined  airows  indicate  entiy  points.  The  system  can  be  entered  from 
lour  dilleient  entry  points. 

In  principle,  the  application  of  these  algorithms  is  not  limited  by  the  number  of  variables.  During  the 
development,  particular  attention  Inis  been  paid  to  generality,  modularity,  and  machine  independence, 

Some  possible  lutuie  extensions  ol  this  rcscaich  are; 

I  Solution  of  Boolean  equations  using  designation  numbers, 

2.  Detection  ol  lunciional  equivalence  resulting  from  complementation 
of  variables. 


Analysis  and  synthesis  ol  sequential  circuits. 
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7  APPENDICES 
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APPENDIX  7.1 

The  Flow  Chart  lor  Transforming  a  Boolean  Expression  into 
the  Farly  Reverse  Polish  Form 
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Stack  routine 


Notations 

CS:  Current  input  symbol 

V:  Variable  flag  (set  to  I  when  CS  is  a  variable  and  reset  to  0  when  CS  is  ),  +,  or  ©  ) 

RP  Right  parenthesis  flag  (set  to  1  when  CS  is  a  right  parenthesis,  and  reset  to  0  when  CS  is  + 
or  ©  ) 

OS:  Output  string 
EOL:  End  of  the  expression 

XY.  Y  and  X  denote  an  operator  and  its  hierarchy  number  respectively 
E:  Top  element  of  the  push-down  list  N 
H(E):  The  hierarchy  number  of  E 
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APPENDIX  7.2 


The  Flow  (  hart  for  Boolean  Expression  Minimization 


Cube  Enlargement 


o 
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NOCr  No.  of  cubes  leslcd 
NCT:  No.  of  components 
tested 


© 
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Approximate  Minimum  Cover 


Number  of  pseudo 
prime  implicants 
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<c  expression> 
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Notations 

l-OI.  Terminating  symbol  of  a  Boolean  expression 
(il  TS.  Read  nexi  input  symbol 

■s :  I’oii.tei  points  to  the  input  symbol  under  examination 
CS:  The  current  symbol 
+  :  “OR"  operator 
"NOT''  operator 

V:  A  variable  ol  the  Boolean  expression 
tempi:  \  temporary  storage 


Remark 


In  this  lion  eMail,  an  oval  box  indicates  the  entry  ol  a  syntactic  class,  and  dot-lined  rcctaugulai  box  indicates 
the  exit  1 1 oni  one  syntactic  class  to  another  syntactic  class.  A  push-down  store  is  set  up  to  stoic  return  addresses. 
I  he  top  einiy  ol  the  push-down  stote  is  always  the  successful  leturn  address,  while  the  next  to  the  top  entry  is 
alway  s  the  false  return  address. 


8.  BIBLIOGRAPHY 


Breuer,  M.A.,  “General  Survey  of  Design  Automation  of  Digital  Computers,”  Proceedings  of  the  IEEE, 
Special  Issue  on  Computers,  (1708-1721),  December  1966. 

Dammkoehler,  R.A.,  A  Macromodular  Systems  Simulator,  Technical  Report  No.  4,  (371-376),  Computer 
Systems  Laboratory,  Washington  University,  St.  Louis,  Mo.,  June  1967. 

Ball,  W.E.,  A  Macromodular  Meta  Machine,  Technical  Report  No.  4,  (377-392),  Computer  Systems 
Laboratory,  Washington  University,  St.  Louis,  Mo.,  June  1967. 

Bashkow,  T.R.,  and  Kan on,  A.,  “A  Programming  System  for  Detection  and  Diagnosis  of  Machine 
Malfunctions,”  IEEE  Transactions  on  Electronic  Computers,  Vol.  EC-12,  (10-17),  February  1963. 

Case,  P.W.,  et  al.,  “Solid  Logic  Design  Automation,”  IBM  Journal,  Vol.  8,  No.  2,  (127-140),  April  1964. 

Roth,  J.P.,  “Systematic  Design  of  Automata,”  AFIPS  Conference  Proceedings,  F.J.C.C.  196^,  Vol.  27, 
Part  1,  (1093-1100),  Spartan  Books,  WAshington,  D.C. 

Schneider,  P.R.,  and  Dietmeyer,  D.L.,  “A  Subroutine  Set  for  Automation  of  Logic  Circuit  Design,” 
Proceedings  of  the  COMMON  Anniversary  Meetings,  New  Orleans,  Louisiana,  November  1968. 

Ledley,  R.S.,  Digital  Computer  and  Control  Engineering,  McGraw-Hill  Book  Company,  New  York, 
(320-427),  1960. 

Hamblin,  C.L.,  “Translation  to  and  from  Polish  Notation,”  Computer  Journal,  (210-213),  October  1962. 
Cardwell,  S.H.,  Switching  Circuits  and  Logical  Design,  John  Wiley  &  Sons,  New  York,  (158-162),  1967. 


Harada,  K„  A  Method  Listing  All  Possible  Permutations  by  Referring  Hamiltonian  Paths,  Technical 
Memorandum  No.  92,  Computer  Systems  Laboratory,  Washington  University,  St.  Louis,  Mo.,  January 
1970. 

Quine,  W.V.,  “The  Problem  of  Simplifying  Truth  Functions,”  Am.  Math.  Monthly,  Vol.  59,  (521-531), 
October  1952. 


McCluskey,  E.J.  Jr.,  Minimization  of  Boolean  Functions,  Bell  Systems  Tech.  J.,  Vol.  35,  (1417-1444)( 
November  1956. 

Karnaugh,  M.,  “The  Map  Method  for  Synthesis  of  Combinational  Logic  Circuits,”  Commu.  and 
Electronics,  Trans.  AIEE,  Part  I,  Vol.  72,  No  vember  1953. 


Roth,  J.P.,  “Combinational  Topological  Methods  in  the  Synthesis  of  Switching  Circuits,”  Proc.  Intern 
Symp.  on  the  Theory  of  Switching,  Harvard  University,  Cambridge,  Mass.,  April  1957. 

Miller,  R.E.,  Switching  Theory,  Vol.  1:  Combination  Circuits,  John  Wiley  &  Sons,  Chapter  3,  1965. 

Gazale,  M.J.,  Irredundant  Disjunction  and  Conjunctive  Forms  of  a  Boolean  Function,  IBM  J.  Research 
and  Develop.,  Vol.  1,  (171-176),  April  1957. 

Mott,  T.H.,  “Determination  of  the  Irredundant  Normal  Forms  of  a  Truth  Function  by  Iterated 

Consensus  of  the  Prime  lmplicants,”  IRE  Trans,  on  Electronic  Computers.,  Vol.  EC -9,  (245-252)  June 
1960. 

Quine,  W.V.,  “A  Way  to  Simplify  Truth  Functions,”  Am.  Math.  Monthly,  Vol.  62,  No.  9,  (627-631), 
November  1955. 


Naur,  P.,  et  al.,  “Revised  Report  on  the  Algorithmic  Language  ALGOL  60,”  Comm.  ACM,  Vol.  6, 
(1-17),  January  1963. 

Farber,  D.J.,  et  al.,  “SNOBOL:  A  String  Manipulation  Language,”  /  ACM,  Vol.  11,  (21-30)  January 
1964. 


Tobey,  R.G.,  Bobrow,  R.J.,  and  Zilles,  S.N.,  "Automatic  Simplification  in  FORMAC,”  Proceedings  - 
F.J.C.C.  1965,  (37-53). 


